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LOWER AND UPPER LOEB-INTEGRALS

D. LANDERS AND L. ROGGE

ABSTRACT. We introduce the concepts of lower and upper Loeb-integrals for
an internal integration structure. These are concepts which are similarly useful
for Loebs internal integration theory as the concepts of inner and outer Loeb-
measures for Loebs measure theory.

1. INTRODUCTION AND NOTATION

Almost the whole nonstandard measure and probability theory is based on fun-
damental concepts and results of Loeb. Starting from an internal content, Loeb
constructed in particular an important standard measure, called Loeb-measure in
the literature (see [8], [9]). This Loeb-measure has been investigated and applied
in many papers by Loeb and other authors to obtain new results in various fields of
mathematics such as e.g. in mathematical physics and economics, in measure and
probability theory and in potential theory. Loeb extended his measure theoretical
approach to integration theory and introduced the so-called Loeb-integrals (see [10],
i)

To construct the Loeb-measure, Loeb used the Carathéodory extension theorem.
Another construction of the Loeb-measure for finite internal contents can be given
in terms of the inner and outer Loeb-measures. Sommers (see [13]) investigated
inner Loeb-measures also for nonfinite internal contents.

Inner and outer Loeb-measures are very powerful concepts that can be used in
many situations. Inner and outer Loeb-measures have been applied e.g. in the con-
struction of Radon measures and 7-smooth measures, in the extension of 7-smooth
Baire or Radon-Baire measures to 7-smooth Borel or Radon-Borel measures, or in
compactness criteria for families of probability measures with respect to the weak
topology (see [5], [6]).

To develop the Loeb integration theory for internal integration structures we
introduce a lower and an upper Loeb-integral; concepts which are of comparable
interest and usefulness as inner and outer Loeb-measures. A similar concept of
lower Loeb-integrals can be found in Aldaz (see [I]).

In the following we consider a sufficiently rich superstructure S and work with
a nonstandard model for this superstructure, which is polysaturated, i.e. if C is a
system of internal sets with cardinality |C| smaller than or equal to the cardinality
\§ |, then we have oco C # 0 if C has the finite intersection property. For the
general theory of nonstandard-analysis see the books of Cutland [2], Hurd-Loeb [4]
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or [1. Let fin(*R) be the set of finite numbers of *R. For a € fin(*R), °a denotes
the standard number nearest to a in R. If a € *R is negative (positive) infinite put
°a = —00 (00).

In the following, let £ C *RY be an internal Stonian lattice and let i : £ — *R
be an internal, positive linear functional, i.e. 7 is internal and for all e,e;, e € €
and aq,as € *R

(1) le] € E,1Ae €& and aje; + ages € E;
(2) i(arer + ages) = aqi(er) + aqi(es);
(3) e>0=i(e) >0.

We call (£,4) an internal integration structure on Y (see Hurd-Loeb [4], pp.
166-168). Let

glin .= {ec £ :i(le]) € fin("R)}
and put, for g: Y — "R,
g) = sup{®i(e) : £ 5 e < g};
g) :=inf{%(e) : g < e € &M},
L0) = {f €RY - i(f) = i(/) € R},

i is called the lower Loeb-integral, i the upper Loeb-integral and L(i) the system of
Loeb-integrable functions. If f € L(i), we write i”(f) instead of i(f) (=i(f)), and
call i (f) the Loeb-integral of f.

Let p : P(Y) — [0,00] be a monotone function with p(@)) = 0. Then it is well
known that M(p) :={M CY : VA€ PY)(p(4) = p(ANM) + p(A\ M))} is an
algebra and p is an additive function on M(p). We apply this result in the following
to the set functions p = i or p = 4, where i(A) :=i(14), i(A) :=i(14) for A € P(Y).
Furthermore

Mo = {AeP):14€ L)} ={AeP(Y):i(A) =i(A) € R}

is called the system of Loeb-integrable sets. For My € Mo we also write il(My)
instead of i(Mp)(= ¢(Mp)). The systems M(i), respectively M(i), are called the
system of lower Loeb-measurable sets, respectively upper Loeb-measurable sets.

i
i(

2. THE MAIN RESULTS

The following theorem shows that our system L(7) is the same system as intro-
duced by Loeb in [10], [T1] and [4].

1. Theorem. For a function f:Y — R the following are equivalent:

(i) feL); , )

(ii) there ezist e, € EI™ with i(|f —en]) — 0;

(iii) there exists e € £ with i(|f —e|) = 0.
If e,, is a sequence fulfilling (ii), then i*(f) = lim °i(e,); if e is a function fulfilling
(iii), then i%(f) = °i(e).

Let us remark that even for the formulation of Theorem 1 it is essential that we
have defined the upper Loeb-integral ¢ for functions with values in *R and not only
for functions with values in R.
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Most of the parts of the following theorem are due to Loeb (see [I0], [4]). The
proofs given here are different and use the properties of the inner and outer Loeb-
integral.

2. Theorem. (i) i’ : £(i) — R is a positive linear functional on the Stonian
lattice L(3).

(i) L) > fu T f€RY and supil(f,) < oo imply f € L(i) and i*(f,) TiL(f).
neN

(iii) f,h € L(i) and f < g < h with i%(f) = iL'(h) imply g € L(3).
The following theorem shows that the Loeb-integral i% on £(i) is in fact a clas-

sical Lebesgue-integral with respect to the measure space (Y, M(7),1).

3. Theorem. (i) i is a complete and saturated measure on the o-algebra M(7).
(i) M(i)={ACY : (VMy € Mo)(AN My € Mp)}.
(iii) Mo is a §-ring and Mo = {A € M(i) : i(A) € R}.
(iv) i(f) = [ f di for each M(i)-measurable function f:Y — [0, c0.
(v) ( = {f € RY : f is i M(i)-Lebesque-integrable} and it (f)= [ f di
for each f € L(3).
(vi)0< fe L) andr>0={f >r} e M,.

In the following theorem we consider the lower Loeb-integral and compare it
with the classical Lebesgue-integral with respect to the measure space (Y, M(i),1).
For many problems in stochastics it turns out that the o-algebra M(i) — which
is in general strictly smaller than the o-algebra M (i) — is the suitable o-algebra.
The reason is that many important functions are even M (i)-measurable and not
only M (i)-measurable. Hence we obtain more information about those functions.
Examples for such functions are °e for e € £ or the standard part map of regular
topological spaces. In all those spaces the measure i (and not i) allows us to
construct Radon-measures of great interest.

4. Theorem. (i) i is a complete measure on the o-algebra M(i).
(if) M(i) € M().
(iii) ./\/lo C {4 e M) :i(A) e R}.
(iv) i(f) = [ f di for each M(i)-measurable function f:Y — [0
(v) L(i ) C {f € RY : f is i|M(i)-Lebesgue-integrable} and i’ (f)
for each f € L(3).

Let us remark (see Example 20 in §3) that it can happen that:
(i) #|M(4) is not a saturated measure;

(il) M(9) CM(%)

(iil) My C{A € M(7) : i(A) e R}

(iv) L(i )g{f € RY : f is i| M(i)-Lebesgue-integrable}.

3

oo.
)= J [ di

If f:Y — [0,00] is M(i)-, respectively M(i)-, measurable, then we write
i(f), respectively i(f), for [ f di, respectively [ f di. This notation is justified by
Theorem 3 (iv), respectively Theorem 4 (iv), for real-valued functions. Observe
that for a function f : Y — [0, 00] which attains the value oo, i(f) and i(f) were
not defined before.

The following example shows that internal contents lead in a natural way to
upper and lower Loeb-integrals which coincide on sets with the inner and outer
Loeb-measures.
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If v: R — *[0,00] is an internal content on a ring R C P(Y), then

v(A) = sup{°v(R): R>RC A},
7(A) inf{°v(R): AC Re€ R}

denote the usual inner and outer Loeb-measure of v.

5. Example. Let v : R — *[0, 00| be an internal content on a ring R C P(Y'). Let
€ be the system of all internal sums 2?21 ajlg, with a; € "R, R; € R, h € *N

and put
h

h
Z”(Z Ozlej) = Zajl/(Rj).

Jj=1
Then £ is an internal Stonian lattice, i, : &€ — *R is an internal positive linear
functional and we have

(i) v(R)=7(R)="°v(R) for all R € R;

(ii) v(A) =iy, (A), 7(A) =i, (A) for all ACY;

(i) Mg ={ACY :v(A) =T(A) < 0};

(iv) R € M(v) € M(D);

(v) v is a complete measure on the o-algebra M(v); 7 is a complete and saturated
measure on the o-algebra M (7).

The following theorem generalizes the §—continuity of the inner and outer Loeb-
measure for finite internal contents (see [5]) to S-continuity of inner and outer
Loeb-integrals.

6. Theorem. Let & C & with cardinality of €1 smaller than or equal to S. Then
(i) sup °e is M(i)-measurable.
ec&y
If & is furthermore an upwards directed system of nonnegative functions, then
(i) supi(°e) = i(sup °e);
e€é e€é

(iii) sup i(°e) = i(sup °e);
ec& _ ec&

(iv) i(sup °e) = i(sup °e).
ec&y ec&

The following two theorems are fundamental for the application of inner and
outer Loeb-integrals to obtain similar representation results as were given for finite
Loeb-measures in [5]; in these cases Y is the set ns*X of near-standard points,
which is in general not measurable. Applications of the following two theorems will
be given in a forthcoming paper.

7. Theorem. Let ) #Yy C Y. Then

(i) iM(i) NYo, i|M(i) N Yy are measures;

(11) %(f 1Yo) = ff'YonYo;

(iil) i(f 1yy) = [ flvodilyes
where we assume in (ii), respectively (iii), that the function f :' Y — [0,00][ is
M(i)-, respectively M(i)-, measurable and ily,, respectively ily,, is the measure
i|M(i) N Yo, respectively i M (i) N Y.

If f:Y — [0,00] is M(i)-, respectively M (i)-, measurable, then we write
i(fly,), respectively i(f ly,), for [ f|v,di|y,, respectively [ f|y,di|y,. This notation
is justified by Theorem 7.
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8. Theorem. Let & C & be an upwards directed system of nonnegative functions
with cardinality smaller than or equal to S. Then for each Yo C'Y we have
(i) i(sup °ely,) = sup i(°ely,);

B ec&y ecé B
(ii) 4(sup °ely,) = sup i(°ely,);
ecé ec&

where we assume in (i) and (ii) that the left-hand terms are finite.

We show in Example 19 in §3 that the finiteness condition in Theorem 8 (ii)
cannot be omitted.

3. AUXILIARY LEMMATA AND PROOF OF THE RESULTS

Proof of Theorem 1. (iii)=(ii) is trivial. (ii)=-(i) follows by definition of 7 and L(4).
(i)= (iii) By (i) there exist for each n € N functions g,, h,, € £/™ with

1) “i(ha) — 1/n < iE(f) < °ilga) + 1/n,
(2) gn < f < P
Put H, = {e € £ : g, < e < hyp}. Then (_; H; # 0 by (2). Hence there

exists by saturation e € (), H;. This e fulfills (iii). The remaining assertions are
obvious. O

1. Lemma. We have for g,g1,92 € "RY and 0 < a € R

(i) i(g) <i(g), i(=g) = —ilg);

(i) i(ag) = ai(g), i(ag) = ai(g);

(iil) g1 < g2 = Z(g ) <i(g2), i(g1) < i(g2);

(iv) (g1 + g2) < i(g1) +i(g2), i(g1 + g2) > i(g1) + i(g2), whenever the right side
is defined;

(v) i(g1 + g92) < i(g1) +i(g2) if 0 < g1, g2

(vi) (g1 + g2) = i(g1) +i(g2), if 0 < g1, 92 and g1 + g2 € L(0);

(Vi) 0 < fu 1 £, fur £ ERY = i(fn) T4(f).

Proof. (i)—(v) follow directly from the definitions of i and 7. (vi) follows by using

(v), (iv) and (i).
(vii) According to (iii) there exists a > 0 with i(f,,) T . Let w.l.o.g. o < oo and
let € € R4 be given. It suffices to show for each fixed 6 € Ry that

(1) i(f) < (1 +d)(a+e).
According to the definition of 4 there exist g, € £/ with f, < g, and °i(g,) <
i(fn) +/2" Then h, := g V...V g, fulfill (use induction)

(2) fa < hy € EF %i(hy) <i(fa) + ia/?.
1=1

Put H, :={h €& : h, <h,i(h) <a+e} Then H, are internal with § # H,, | .
Hence there exists h € () —; Hy. Then by (2) and f,, T f we obtain f < (1+d)h.
Hence we obtain (1). O

Proof of Theorem 2. (i) follows directly from Lemma 1 and Theorem 1.

(i) As 0 < f, — f1 T f — f1 € RY we obtain the assertion from Lemma 1(vii)
using (i).

(iii) follows from the definition of L£(3). O
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2. Lemma. Let e € £/ with e(Y) C fin(*R) be given. Then °e € L(i). If
furthermore 0 < e, then i%(°e) < °i(e).

Proof. Let w.l.o.g. € >0 and put e, := (e —1/n)*. Then

(1) 0<e,c&lm °e,1°;

(2) len — en] < aefor all 0 < a € R.

By (2) we obtain i(|e, —°e,|) = 0. Hence °e, € L(i) by Theorem 1. Since

supil(°e,) < °i(e) < oo we obtain the assertions using (1) and Theorem 2(ii). O
neN

3. Lemma. Let fo:Y — [0,00[. Then
i(fo) = inf{limi=(f,) : fo < Hm fo, L(5) 3 fo 1} =:iL(fo).
Proof. Tt L(i) 3 f,, T and fy < lim f,, then by Lemma 1 (vii):
i(fo) = g(}}gl\l(fo A fn)) = }}glwg(fo A fn) < }Lié%g(f”)'

Hence i(fy) < iz(fo). To prove the converse let i(fy) < oo. Let e € £/ with
fo < e. We have to prove

(1) i (fo) < °ie).

Put f, :=°eAn =°(eAn). As e An € EF™ we obtain f, € L(i) and iL(f,) <

°i(e An) < °i(e) by Lemma 2. Hence iL(fy) < lim i%(f,) < %i(e), as L£(i) > fn T

and fo <lim f,. O
The following concept is essentially due to Loeb (see [10], []).

4. Definition. We call (J,j) a complete integration structure if J C RY is a
Stonian vector-lattice and j : J — R is a positive linear functional with the following
properties:

(1) J3 fu 1 fERY and sggj(fn) <oo=feJand j(fa)1i(f),
(2) frhed, f<g<handj(f)=jh)=gel

According to Theorem 2, (£(i),i%) is a complete integration structure. For a
complete integration structure put, for g € RY,

o Jjlg) = inf{limj(fn):g <limfn,J > fn1},

e jlg) = sup{limj(fn):limf, <g,J> ful},

° .N/\/lo = {ACY:14€J},

e M = {ACY:ANMye€ My for all My € My},
o J(A) = j(1a)

By Theorem 7.1 on page 103 of Floret [3] and by Proposition 10.7 and Corollaries
12.20 and 12.22 of Pfeffer [I2] one obtains the following classical result.

5. Lemma. Let (J,j) be a complete integration structure. Then J = {f € RY :

i(f) =3(f) € R} and

(i) 5 is a complete and saturated measure on the o-algebra M(}),

(i) M(G)={ACY:(VMye My) AN My € Mo);
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(iii) Mo is a 8-ring and Mo = {A € M(j) : j(A) € R};

(iv) j(f) = Irf dj for each M(j)-measurable function f:Y — [0, 00];

(v) J={f €RY : fis j|M(j)-Lebesque-integrable} and j(f) = [r dj
for all f € J;

(vi)jo< fedJand0<r={f >r}eM,.

Proof of Theorem 3. (J,7) := (L(i),i") is a complete integration according to The-
orem 2. Hence L(i) = {f € RY : i*(f) = iL(f) € R} by Lemma 5. By Lemma 3

we have j(f) = iL(f) = i(f) for f: Y — [0,00], and hence j(A) = iL(A) = i(A).
Therefore we obtain (i)—(vi) of Theorem 3 from (i)—(vi) of Lemma 5. O

6. Lemma. Let e € £ with |e|] < f € RY and i(f) < co be given. Then °e € L(i)
and it(°e) = °i(e).

Proof. Asi(le]) < i(f) < oo, it is easily seen that i(|e|) is finite (otherwise z(%)

n and ;Z“:l‘) < f). Hence °e € L(i) by Lemma 2. Now let w.l.o.g. e > 0. As il (°e) <
°j(e) by Lemma 2, it remains to prove °i(e) < il(°e). To this aim let ¢ € Ry be
given. As |e| < f € RY we obtain |e — °e| < ef. Hence i(|e — °¢|) < €i(f), whence
i(Je — °e|) = 0. The assertion follows now, using Lemma 1 (v), from

“i(e) = i(e) <i(le — ¢l + %) <i(le — °el) +i(%e) = i(°e) = i" ().

7. Lemma. For Yy, CY we have
(i) i(Yp) < oo = il(My) = i(Yy) for some Mo > My D Yo;
(ii) i(Yp) < oo = il(My) = i(Yy) for some Mo > My C Yo;
(iif) Mo € Mo = i"(Mo) = i(Mo N Yp) +i(Mo \ Yo).

Proof. (i) By definition of i(Yy) there exist

(1) en €ETM 1y, <en <1, e, | with i(Yp) = lim “i(e,,).
n—oo

According to Lemma 2 and Theorem 2 we have °e,, € L(i) and

(2) i(Yp) > lim i¥(°e,) = i ( lim °e,).

n—oo

Put My := { lim °e,, = 1}. Then Yy C M, according to (1) and i(Yy) > i(lim °e,) >

i(Mp), and hence i(Yy) = i(Mp). As f := lim e, € L(i) and 0 < f < 1 we have
{f=1y=N,2{f >1—1/n} € My by Theorem 3 (vi) and (iii).
(ii) According to the definition of i(Yp) there exist £ 5 e, T with 0 < e,, < 1y,
and
00 > i(Yp) = lim %i(e,) = lim i“(°e,) = i%( lim °e,),
where the last two equalities follow from Lemma 6 and Theorem 2. Put fy :=
lim °e, and My := {fo > 0}. Then My C Y; and fy € L(i). According to Theorem

3 (vi) we obtain that M, := {fo > 1/n} € My. As M,, T My and supil (1, ) =
supi(M,) < i(Yy) < oo, we obtain My € My by Theorem 2 (ii). The assertion
follows now from

i(Yo) = i (fo) = i(fo) <i(Mo) = i"(Mo).
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(iii) Using Lemma 1 we obtain the assertion by

il (M) i(1ngy) < i(1aro\vo) i (Tatonyve) = (Mo \ Yo) +i(1ary \ Tar\vp)
i(Mo \ Yo) + i(—1Lag\v,) +i(Mo)

i(Mo \ Yo) + it (Mo) — i(Mo \ Yo)

it (Mp).

A

8. Lemma. LetY DY, | Yy and i(Y1) < co. Then i(Y,,) | i(Yo).

Proof. Put a := lim i(Y,). Let € € Ry. We have to show
n—oo

1) o= < i(Ye).
By definition of 4 there exist 0 < e,, € £/ with e,, < 1y, and i(Y;,) < ®i(e,)+e/2m.
Let g, :=e1 A... ANep. Then

(2) O S n S (c/’fzn7 gn S ]-Yna 9n l 9

(3) i(Yn) < i(gn) + ZE/T (which follows by induction).

i=1

PutC, :={e€€:0<e<g,and i(e) >a—c}. Then () #C, | . By saturation
there exists e € ﬂff:l C,,. Hence 0 < e € £fm, i(e) > a — ¢ and e < g,. Therefore
e < ly, and hence (1) follows. O

9. Lemma. Let C be a system of internal sets with i(C) = oo for all C € C.
Assume that C is downwards directed, has the finite intersection property and fulfills
€| <|S|. Then i(Npee C) = oo

Proof. Put S, :={e € £ : 0 < e < 1¢, i(e) > n}. Then {S% : C € C,n € N}
is a system of internal sets with finite intersection and cardinality < |§ |. Hence
Nnencec SE # 0. Let e € MN,encee St Then e € € and e < 1n ¢ with

i(e) > n for all n € N. Hence for each n € N there exists e € £/ with i(le|) > n
and e < 1n . ¢. Hence i((pee C) = o0 O

10. Lemma. Let Yy C Y with i(Yy) = oo and ¢ := sup{i(T) : T C Yy, i(T) <
o0} < 0o. Then there exists an internal set C' C Yy with i(C) = co.

Proof. As i(Yy) = 0o, there exist 0 < e,, € £ with e, < 1y, and ®i(e,) — oo.
n—oo

Choose ng with ¢g < ®i(en,) and put C := {e,, > 0}. Then C'is an internal subset
of Yy and ¢y < i(en,) < i(C). Hence i(C) = oo by definition of c. O

11. Lemma. Let 0 < f € RY and i({f # 0}). Then i(f) = 0.

Proof. Let 0 < e < f with e € £/ be given. Then as e is internal there exists ¢ €
R, with e < c. Hence e < clys40y and therefore “i(e) = i(e) <i(clyszoy) =0. O

12. Lemma. Let B € M(i). Then B € M(i) if the following condition is fulfilled:

A internal, i(A) = oo and sup{i(T): T C A, i(T) < oo} < 00
=i(ANB) =00 ori(A\ B) = .
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Proof. We have to show that for A CY
W i(A) <i(ANB) +i(A\ B).
If i(A) < oo, then by Lemma 7 (ii) there exists My € My with My C A and
i(A) = i%(Mp). Then MoN B, My N B € Mg by Theorem 3 (ii) and hence

i(A) = i%(My) = i (Mo 0 B) + il (My \ B) <i(ANB) +i(A\ B).
If oo =i(A) =sup{i(T) : T C A, i(T) < cc}, then we obtain as just proved

(T) <iTNB)+uT\B)

for all T" with i(T') < oo. Hence (1) follows. Now consider the remaining case,
namely i(A) = oo and sup{i(T) : T C A, i(T) < oo} < oo. Then by Lemma

10 there exists an internal set A’ with A’ C A and i(A’) = oo. Hence we obtain
i(A'NB) =00 or i(A’\ B) = 0o by assumption. As A’ C A, this implies (1). O
Let us remark that Lemma 12 yields a condition for M(i) = M(4).
Proof of Theorem 4. (ii) It suffices to show A & M(i) = A & M(i).
As A & M(i), we obtain by Theorem 3 (ii) that there exists My € M, with

AN My & Mg. Now i(AN My) < i(My) < oo and hence i(AN My) < i(AN M) by
definition of M. Using Lemma 7 (iii) we obtain

i(Mo) = i(Mo NV A) +i(Mo \ A) > i(Mo N A) +i(Mo \ A);

hence A & M(3).

(iii) Let A € My. We have to prove (see Lemma 1 (iv)) that
(1) i(B) <i(BNA)+i(B\ A) for each BCY.
If i(B) < oo, then by Lemma 7 (ii) there exists My € My with My C B and
il (My) = i(B). Hence

i(B) = i (Mo) = i(My 1 A) + (Mo \ 4) < (BN A) +i(B\ A),

ie. (1) holds. Let i(B) = oo. According to Lemma 1 (v) we obtain i(B) <
i(BNA)+i(B\A) <il(A)+i(B\ A); hence i(B\ A) = oo and (1) holds.

(i) As M(3) is an algebra, to prove that M() is a o-algebra, it is sufficient to
show

(2) A, e M) NA, | A= A e M(i).
As A € M(i) by (ii), it suffices to prove according to Lemma 12
5 B internal, i(B) = oo and sup{i(T): T C B, i(T) < oo} < c©
(3) =i(BNA)=cori(B\A) =oc.
Ad (3): Let w.lo.g. i(B\ A) < co. We inductively construct internal sets C),
with
(4) C,CBNA,, C,| and i(C,) = oo.
Then i((,—; C»n) = o0 by Lemma 9 and hence i(BNA) > i((,—, C;,) = 0o, whence
(3) holds.
Asi(B\ 4,) <i(B\ A) < oo, we obtain from A, € M(i)
(5) i(BNA,)=ocforneN.
According to Lemma 10 applied to Yy := B N Aj, there exists an internal set
Cy C BN A; with i(Cq) = co. Assume inductively that Cy,...,C, are constructed
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withCy D ...DC,,C; C BNA; and Q(CZ) =ocofori=1,...,n. As An+1 S M(l),
we obtain
oo = Z(On) = l'(cn N An+1) + l(cn \ An+1)7

which implies i(Cp, N Apy1) = 00 as i(Cp \ Ang1) < U(B\ Apyr) < i(B\ A) < oo

According to Lemma 10 applied to Yy := C), N A, 11 we obtain an internal set
Crni1 C Cp N Ay with i(Crq1) = co. Hence (4) is proven by induction.

Now we prove that i is a measure on M(i). As i is additive on M%), it suffices
to show that

(6) M(i) 3 An T A = i(An) — i(A).

If i(A) < oo, then i(A \ A,) — 0 by Lemma 8, and hence (6) holds.

Now let i(A) = oo and assume indirectly that supi(A,) =: ¢; < oco. First, let
sup{i(T) : T C A,i(T) < oo} = o0. According to Lemma 7 (ii) there exists My C A
with i%(My) > c1. As A,, € M(i) by (ii), we obtain My N A,, € My by Theorem 3
(ii). Hence we obtain the following contradiction:

c1 < it(Mp) = lim il (Myn A,) = lim i(MyN A,) <limi(A,) < ¢.

Now let sup{i(T) : T C A,i(T) < oo} < oco. We construct internal sets C,, C
A\ A, with C, | and i(C,) = occ. This yields a contradiction since ()2, C, C
Mo (A\ A,) = 0 implies C,, = 0 for some n.

As i(A\ A;) = oo, we obtain by Lemma 10 an internal set C; C A\ A; with
i(Cy) = co. Now assume inductively that internal sets C,, C C,,—1 C ... C C; with
C; C A\ A and i(Cj) = oo for j =1,...,n are constructed. As A\ A, 41 € M(3),
we have

00 = i(Cpn) = i(Cn N (AN Apy1)) +i(Cr \ (AN Any1)).
Since i(Cp \ (A\ Ant1)) < i(Ant1) < 00, we obtain i(C, N (A\ Ap41)) = co. Hence
by Lemma 10 there exists an internal set C,, 11 C C,,N(A\ Ap11) with i(Craq) = 00.
Hence we have proven that i is a measure on M(3). The completeness of 7| M ()
follows from the monotonicity of ¢ and the definition of M (3).

(v) Now let 0 < f € L(i). Then according to Theorem 3 (vi) and (iii) we have
for each r > 0
(7) {f>r}e Mo M(5).

Hence f is M(i)-measurable. It suffices to prove i’ (f) = [ f di. According to (7)
there exist f,, = Z?;l ajnlng, with M;, € Mg and f, T f. Hence according to
Theorem 2 and the properties of the Lebesgue-integral

kn
iH(f) = limil(f,) =lim Y o i(Mj,) =lim [ f,di= [ fdi.
3 sl [ twai= |

To prove (iv) we show at first that for each i| M (4)-Lebesgue-integrable function
f >0 there exist 0 < fy € L(¢) with

(8) fo= filM(i)-ae. and i"(fy) = /f di.

Choose M(i)-elementary functions f, with 0 < f,, T f. Using Lemma 7 (ii) one
can construct g, € L£(i) with 0 < g, < fn, gn 1 and g, = f, i|M(i)-a.e. Put
fo :=limg, > 0. Using (v) and Theorem 2 it is easy to see that 0 < fo € L(7)
fulfills (8).
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(iv) Let 0 < f be M(i)-measurable. We first prove

(9) i(f) > / f di.

As 0 < f is M(4)-measurable, there exist M (i)-elementary functions

kn
In= Zaj,nle,n Tr
j=1
Hence by Lemma 1 we obtain
kn

i(f) =i(fn) > ) ilaynlng,) Zajnl jn) /fndZT/fdl

Jj=1

which shows (9). Because of (9) it sufﬁces to show

(10) /fdzfor/fdz<oo
According to (8) there exists 0 < fy € £(i) with

(1) fo= 1 IM(iyae. and i () = [ £ di.
To prove (10) it therefore suffices to show

(12) i(f) < i*(fo).

We obtain from Lemma 1 (v)

i(f) <i(lf = fol) +i(fo) = i(lf = fol) + " (fo)-
Asi(|f — fol]) = 0 by Lemma 11, we obtain (12). O

Proof of Example 5. (i) follows from the monotonicity of v on R and the definition
of v and 7.

(ii) We first show v(A) < i, (A). To prove this consider the following two cases:
(1) v(R) is finite for all R € R with R C A;

(2) there exists Ry € R with Ry C A and v(Rp) infinite.

Ad (1 ): Let R € R,R C A be given. Then £/ 5 e := 1 < 1, and hence
v(R) = °iy(e) < iy(1a). Whence V(A) < iu(lA) i, (A).

Ad (2): Let &« € Ry and put e := D) ) o- Thene € £ j,(e) = aand e < 14.
Hence i, (14) > %iy(e) = a. As a € Ry is arbltrary, we obtain i,(A) = co > v(A).
It remains to prove i,(A) < v(A). Let e € £ with 0 < e < 14 be given. We have
e=> 1 lp, with disjoint ) # R; € R. Then R :=J Rj € Rand R C A.
Furthermore e < 1i and hence

“iv(e) <%y (1r) (=Z_)Z(R) < p(A).

a;>0

Hence i, (A) = i,(14) < v(A). This proves v(A) =i, (A).

The proof for 7(A) = E(A) runs similarly.

(i) As Mg ={ACY :i,(14) = i,(1a) < oo} by definition, we obtain (iii) by
(ii).

(iv) As v(A) =i, (A), 7(A) =i, (A) for each A C Y, we obtain M(v) C M(v)
by Theorem 4 (ii). Let R € R; it remains to show R € M(v). Let ACY. Asvisa
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content on R we obtain from the definition of v that v(4) <v(ANR)+v(A\ R).
Hence R € M(v).
(v) follows from Theorem 4 and Theorem 3 using (ii). O

13. Lemma. Let 0 < e € £ and let 0 < r € R. Then there exists e, € £ with
1{oe>r} < € < 1{°le}-

Proof. Put e, =1An(e—eAr) with n € *N\N. Then e, € £ and e, fulfills the
above inequalities. Il

14. Lemma. Let B C Y be internal with i(B) = oco. Then for every r € [0,1] and
e € & with 0 < e we have

i(BNn{’e<r})=oc ori(BN{°e>r}) = .
Proof. As i(B) = oo, there exists g, € £/ with
(1) 0<gn<1lp, °i(gn) T 0.
By Lemma 13 there exists e, € £ with

(2) Lioesry e < lpoenr)-
From (1) and (2) we obtain

(3) gn Ner €ET gy Nep < pngoessy,
(4) ENMM S gy — g ANer < 1pngoc<sy-

As °i(gn) = °i(gn Nep) +°i(gn — gn Ner) and °i(g,) T 0o, there exists a subsequence
with °i(gn A er) — 00 or °i(gn — gn A €er) — 00. Whence i(B N {°e < r}) = oo or
i(BN{° >r}) = occ.

15. Lemma. (i) e € £/ = °¢ is 0(Mg)-measurable.

(ii) e € € = e is M(i)-measurable.

Proof. Using that £ is a Stonian lattice we may assume in (i) and (ii) that 0 <e < 1.
(1) According to Lemma 2 we have °e € L£(i). The assertion follows now from
Theorem 3 (vi).
(ii) We first show that °e is M(i)-measurable. Let My € M be given. We prove

(1) 1, A€ € L(3).
Let ¢ € R be given. There exists g with
(2) g €& 1y, < g <1andi"(°g) <°i(g) <i"(Mo) +e.
As°(eNg) <1p, A°e+°g— 1ps,, we obtain from Lemma 1 (v)
i(°(e A g)) < ilLay 7€) +7(g — Lagy).

As°(eNng),°g € L(i) by Lemma (2), we obtain from (2)

i(lay A%€) <i(°(eNg)) <i(lag A°€) + €.
This proves (1). Now let » > 0. Then by Theorem 3 (vi) we have {°e > r} N My =
{1p, N%€ > 1} (% M. Hence we obtain by Theorem 3 (ii) that

(3) °e is M(i)-measurable.
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Now let 0 < r € R be given and put B, := {°e¢ > r}. Then B, € M(i) according
to (3). To prove B, € M(i) we have to show according to Lemma 12:

4 A internal, i(A) = o0 and sup{i(T): T C A,i(T) < o0} < 0
) { = i(ANB,) = ori(A\ B,) = .

Define rg := sup{s € [0,1] : (AN B;) = o0} € [0,1]. If r < 7, then i(AN B,.) =
oo. If r > g, then i(AN B,) < oo and hence using Lemma 14: i(A\ B,) =
i(AN{° < r}) = co. This proves (3) for r # rq. It remains to prove (3) if r = ro.
Let T, := An{e > ry — 1/n}. Then T,, are internal with T}, | and i(7},) = oo by
definition of 7. Hence i((,—, T},) = oo by Lemma 9. As (\°_, T, C AN{° > ro},
we obtain i(A N By,) = 0. O

16. Lemma. If0<e €&, then

(i) i(e) =i(e) = “i(e);

(i) i(%€e) =i(%e).
Proof. (i) If e € E7'™ then the assertion follows by definition of 7 and i. If e & £/,
then i(e) is positive infinite. It suffices to prove i(e) = co. Let o € R, and put
€o = %e. Then i(eq) = a,eq € ET™ and e, < e. Hence i(e) > a for all a € R

(ii) °e is M(Z)-measurable by Lemma 15. As

i(°e) = [C°edi = lim [(PeAn)di = lim i(°eAn),
i(°e) = [C°edi = lim [(PeAn)di = lim i(°eAn),

we may assume that 0 < e < 1. According to Theorem 4 (iv) it suffices to show that
°e € L(i) if °e is i|M(i)-Lebesgue-integrable. Therefore let °e be i|M(i)-Lebesgue-
integrable. We show {°¢ > r} € My for each r > 0; by Lemma 13 there exists
0<e, €& with loesry < € < 1{oe>py. Hence by (i)
i({°e>1}) <i(e,) =i(e,) <i{°e >7r} < 0.

As {°e > r} € M(i) by Lemma 15 (ii), we obtain that {°¢ > r} € Mg by Theorem 3
(iii). As °e is M(i)-measurable, we obtain therefore for k,n € N that {k/2" < °e <
(k+1)/2"} € Mg (use Theorem 3 (iii)). Hence f,, := Zil 2%1{2%§%<%} € L(4)
and f, 1 °e. By Theorem 4 (v) we obtain

supil(f,) = sup/ fndi < /Oe di < oo.
Hence Theorem 2 (ii) implies °e € £(7) O
Proof of Theorem 6. We first prove (ii)—(iv) under the assumption that
(1) 0<e<1foralleecé&.
(ii) Assume that w.l.o.g.

(2) a = sup i(°e) < oo.
ecéy

Let € € Ry be given. Define for e € &,n € N
H: = {g S 61{621/71} S g S 27 Z(g) S o+ 6}'
Then H] are internal sets and we show that
k
(3) (VM #0 forall e; € £,n; € Nand k € N.

i=1
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To this aim let n := n; V...V ng. As & is upwards directed, there exists € € &;
with e; V... Ve, <€ Hence

(4) e1lfe;>1/m3 Voo Verlie>1/m < €lie>1/mny-

As € € &, we have i(°¢) < a by (2). Hence there exist 1 > g; € £ and
1> € R, such that

(5) °€§ g1 with (1 + 5)1({]1) § a+eE.
Then
(6) eles1/ny < (1+0)g1 =19 <2.

Then 2 > g € £ and i(g) < o + ¢ according to (5) and hence g € ﬂle HZi by (4)

and (6). This proves (3). By compactness there exists € € (\cg, ey He . Then by
Lemma 2
(7) i"(°8) < °i(é) < a+e,
(8) ele>1/my < éforalleec &, neN.
This implies °e < °é for all e € £;. Hence sugp °e < °¢ and (7) implies
e€&:
i(sup %e) <i(°€) =il (°é) < a+te.

e€&y
As e € R was arbitrary, we obtain (ii) under assumption (1).
(iii) follows using Lemma 16 (ii) from

sup i(°e) < i(sup °e) < i(sup °e) = sup i(°e) = sup i(°e).
e€&y ecé ec&y (i) ec&, ec&y
(iv) follows from (ii) and (iii) using Lemma 16 (ii).
Now we prove (i). Here we may assume w.l.o.g. that & is upwards directed and

(1) holds. Put f := sup °e. We first show that f is M(i)-measurable. To this aim
ec&y
choose My € My. We show that

(9) 1y, AN f € L(1).
Then for 0 < r we have according to Theorem 3 (vi)
{f>T'}ﬂM0:{1MO/\f>T}EM0.

Hence f is M (i)-measurable according to Theorem 3 (ii).
To prove (9) let e € Ry be given. Choose h with

(10) he&fm 1y, <h<1, i(°h) <°i(h) <il(Mp) +e.
Then for e € &
(11) (e AR) < 1agy A€+ °h — 1y,

Hence according to (iv) and Lemma 1 (v) we have

i(Lar, A F) < P(sup °(e AR)) = i(sup °(e A D)) < i(lag, A f)+i(°h — Lag,)
e€&y (iv)  ec& (11)

< i(lpy A S) +e.
(10)

This proves (9). Now we prove that
(12) f is M(i)-measurable.



LOWER AND UPPER LOEB-INTEGRALS 3277

Let » > 0. Then {f > r} € M(i) as just proven. To prove {f > r} € M(i) it
remains according to Lemma 12 to show:

(13)  Ainternal A i(A) =00 = W(AN{f>r})=cori(AN{f <r})=occ.

Assume ((AN{f > r}) < co. Then i(AN{° > r}) < oo for all e € £;. As °e is
M(i)-measurable according to Lemma 15 (ii), we have

(14) i(An{’e<r}) =00.
As An{’e<r}c An{e <r+1/n} for each n € N, we obtain from (14)
(15) i(ANn{e<r+1/n}) =oc.

AsC:={An{e<r+1/n}:ec &, ,n € N}is a system of internal sets with the
finite intersection property and |C| < |S], we have

(16) i(An (] {e<r+1/n}) =00
e€&1,meN
by Lemma 9. Now i(AN{f <r}) = oo follows from AN [ {e<r+1/n}=
e€&1,meN

An{f <r}and (16), i.e. (13) is proven.
It remains to prove (ii)—(iv) without the assumption (1). It is clear that (ii)—(iv)
follows under the assumption

0<e<nforalleecé&.

Hence (ii) follows using (i) from

supi(°9) = sup [ °gdi = supsup [°(gAn)di = supsupi(°gAn)
g€ g€e€s neNgeéy neN geé&,
= sup [(sup°g)Andi = [sup®gdi = i(sup °g).
neN g€e€s g€eéq g€e€s
(iii) follows similary. (iv) follows from (ii) and (iii) using Lemma 16 (ii). O

17. Lemma. Let f1, fo: Y — [0,00] be M(i)-measurable and Yy C Y. Then
i(fily, + foly,) = i(fily,) +i(faly,).

Proof. According to Lemma 1 (vii) we may assume that fi, fo are bounded. Ac-
cording to Lemma 1 (iv) it suffices to prove

(1) i(filyy + folyy) > i(f1lvy) + i(folyy);
assume w.l.o.g. that i(fi1ly, + faly,) < oo. To prove (1) let e € /™ with
(2) e > fily, + f2ly,, e bounded,

be chosen. According to Lemma 2, °e € £(¢) and hence f; A °e,°e — f1 A °e are

M (i)-measurable. Therefore f1 A°e,°e— f1 A° € L(i) (use Theorem 3 (v)). Hence
using (2)

i"(%e) = " (fi A %) +i" (Pe — fi A%€) > i(fily,) + i(faly,).
Since iZ(°e) < °i(e) by Lemma 2, we obtain (1). O
18. Lemma. Let f, : Y — [0,00[ be M(i)-measurable and Yo C'Y. Then

() i(fily, + folyy) < 00 = i(fily, + foly,) = i(fily,) +i(f21v,);
(i) fo 1 fERY Ai(fly,) <00 = i(faly,) T4(f1y,)-
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Proof. (i) According to Lemma 1 (iv) it suffices to prove

(1) i(fllyo+f21yo) Si(fllyo)+i(f21yo)'
Let e € £ with
(2) 0<e< fily, + foly,

be given. Then we have
‘e< fin®e+ fan®e, [in%e< fily,, faA®e< foly,.
Hence
it(%e) < it (fy Ao¢) + it (fa A ) S i(fily) +i(faly,).
As i(fily, + foly,) < oo, we obtain from (2) and Lemma 6 that i (°e) = ®i(e).
This implies (1).
(if) We have to prove

(3) lim 7;(fnlYo) 2> i(flyo)'

n—oo

Choose e, € 7" with
(4) en < ent1, en < flyg, %i(en) Ti(fly,).
As i(fly,) < oo, we obtain by Lemma 6 that °i(e,) = i*(°e,) and hence
i(f1y,) = lim “i(e,) = lim i%(°e,) = i*( lim °c,)
= iE(lim (e, A f)) = T i*(Cen A fu) € T i(fulys).
(]

Proof of Theorem 7. i|M(i) NYj is a measure according to Lemma 17 and Lemma
1 (vii). i(fly,) = | fivodijy, follows for M(i)-elementary functions by Lemma 17
and Lemma 1 (ii). The general case follows then from Lemma 1 (vii).

It remains to prove

(1) i M(2) NYy is a measure,

@) (1)) = [ o dily,

Ad(1): Let My NYy, and My N'Yy be disjoint with My, My € M(3). If
(M1 NYy) U (M2NYy)) < oo, then

i(MyiNYy) U(MaNYy)) =i(MyNYy) +i(MaNYy)
by Lemma 18 (i). To prove that i| M (i) NYy is additive it suffices therefore to show
(3)  i(M1NYp) < oo, i(MaNYy) <oo=i((MiNYy)U(M2NYp)) < o0.
As My € M(i) we have with A := Yy N (M7 U Ms) :
i(A) =i(AN M) +i(A\ My) <i(Yo N M)+ i(Yo N M) < oo,

i.e. (3) holds.

Now let M(i) © M,, T My be given. To prove (1), it suffices to show
(4) Z(Mn N YO) T Z(Moo N YO)'
If i(Ms NY)) < 00, we obtain (4) from Lemma 18 (ii). Therefore, let i(Mo NYy) =
oo and assume indirectly that

(5) lim (M, NYy) < ¢; for some ¢; € R.

n—00
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We consider the following two cases:

(6) sup{i(T) : T C M NYy, i(T) < oo} =00,

(7) sup{i(T) : T C Mx NYy, i(T) < o0} < o0.

Assume that (6) holds. Hence according to Lemma 7 (ii) we obtain
sup{i(My) : My C Mo NYy, My € My} = 0.

Choose My € My with My C My, NYy and i%(My) > ¢1. As Mo N M,, € M,
and My N M, T MyN My = My, we obtain the following contradiction:

c1 < it (My) = lim it (Mo N M,) = lim. i(My N M,,)

< lim Z(Yo N Mn) S Cq.
Assume that (7) holds. We construct sets C), with

{Cn internal, C, C My, NYy\ M, NYp,

(8) Col, i(C,) = o0,

Since C,, by (8) are internal with (), C,, = @), we obtain C,, = 0 for some n €
N, contradicting i(C,) = oo. Thus it remains to construct C,, fulfilling (8). As
(Mo NYy \ M1 NY,) = oo we obtain an internal set Cy C Mo, NYy \ My NYy with
i(C1) = 0o by Lemma 10. Now assume inductively that internal sets C1 D ... D C,,
with C; C MooNYy\M;NY; and i(C;j) = oo are constructed. As Moo\ My 11 € M(i)
we have

o0 = Z(Cn) = Z(CanO) = l'((canO)Q(MOO\MnJrI» +1((CnﬂY0)\(MOO \Mn+1))'

Since

i((Cn NY0) \ (Moo \ My41)) < i(Mpy1 NYp) < o0,
we obtain i((C, NYy) N (Moo \ Mp41)) = co. Hence by Lemma 10 there exists an
internal set Cy, 11 C (Cp, NY)) N (Moo \ Mp41) with 4(Cpq1) = co. This proves (8)
for n + 1. Hence (1) is proven.

Ad(2): If f = 1) with M € M(i), then (2) follows by definition of i|y,. Now
let 0 < f be elementary. Then f = Z?zl aj 1y, with disjoint M; € M(i) and
a; > 0 given. If i(fly,) < oo, then (2) follows from Lemma 18 (i) and Lemma
1 (ii). Now let i(f ly,) = o0 and «a := I?%i(ozj. Then i(alyr | a;ny,) = 00
and hence 1(12?,:1 M;nY,) = oo. Hence by (1) there exists jo with i(M;, NYy) =
oo. Therefore co = 37| aji(M; NYy) = [ fly,dily,. This proves (2) for M(3)-
elementary functions. Using Lemma 18 (ii) we obtain (2) for M (i)-measurable
functions f > 0 if i(fly,) < co.

Now consider the case i(fly,) = co. We first show

(9) i([f An]ly,) 1 co.
Assume indirectly that
(10) c:=supi([f An]ly,) < cc.

Let e < f 1y, with e € £/ given. Then there exists n € N with e < n as e is
internal. Hence

(11) e < [f An]ly,.
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From (11) we obtain that
%i(e) <i([f Anlly,) <ec.

Hence i(f 1y,) < ¢, contradicting our assumption i(f1y,) = co. Therefore (9) holds.
Consequently it suffices to show (2) for M(4)-measurable function f with0 < f <1
and i(fly,) = oo. Hence we have to show that [ f}y, di)y, = oc. Let indirectly

(12) c:= /flyodi‘yo < 00.
Then

¢= Z/fl{%ﬂqs%}wodi%-
n=1
Now we have by (12)
. 1 1 .
2({n—+1 <f< E}QYO) < (”+1)/f\Yodl\Y0 < oo.

Hence according to Lemma 7 (ii) there exists M,, € My with M, C { L« f<

n+1
LYNYy and i(M,,) = @({%_H < f<1}NYp) < co. Therefore according to (1)
1 1
13 ' - < f<I¥NYy—M,) =0.
(13) (g <1< H1AY My
Put My := ¥, M,; then from (1) and (13) we obtain
(14) iy, {f > 0}NYy \ Mx) =0.
Hence
(15) i(fly 1oy — flm,) < 1-i(Yon{f >0} — M) = 0.

From (15), Lemma 1 (v), Lemma 1 (vii) and (12) we obtain
i(flvy) = i flyy = flare + flae) < i(flyg = fla) +i(f1arc)
= lim i(flyr  a) = Jim i(flyr, ar,)
_ nhlréo/flU?:l i diy, < /flyodg“yo < .
This contradicts our assumption i(f1y,) = oc. O
Proof of Theorem 8. (i) It suffices to prove

a = i(sup °ely,) < sup i(®ely,).
e€é e€&

By Theorem 7 (ii) we may assume that 0 < e < 1 for e € &. Now let £ € R be
given. As « is finite, there exists g € £/ with

(1) g < (sup “e)ly,,
ecéy
@) i*(°g) = °ifg) > a <.
Hence by (2), (1) and Theorem 6 (iii) we have
a—e < i(°g) = i(°gAsup®) = i(sup°®(gAe))
e€& e€é
= supi(°(gne)) < supi(®ely,).
e€é e€&

As e € Ry was arbitrary, we obtain the assertion.
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(ii) It suffices to show
B :=i((sup °e)ly,) < sup i(°ely,).
ec&y e€&y

According to Theorem 7 (iii) we may assume that 0 < e <1 for e € &;.

As (3 is finite, there exists g with

ge szna sup ‘e - 1Y0 < g < 1.
ecéy

Then

sup ‘e A °g = sup °(e A g) € L(7)
ec&y ecé&

according to Theorem 6 (iv). Then according to Theorem 6 there exists a sequence
en € & with e, Ag <enq1Agand

00 > i(sup °(e A g)) = lim i(°(en A g)) =i(sup°(en A g)).

ec& neN
Hence sup °(e A g) = sup °(e,, A g) i-a.e., and this implies according to Theorem 7
ec& neN
(i)
i(sup °ely,) = i(sup°(eAg)ly,) = i(sup°(e,Ag)ly,)
e€&y e€&y neN
= lim i(°(en Ag)ly,) < sup i(°ely,).
n—0o0 e€é

O

19. Example. We show that in Theorem 8 (ii) the assumption i(sup °ely,) < oo
cannot be dispensed with: c€é

To this aim we construct an internal content v : R — *[0,00[on aring R C P(Y)
and choose £ and i = 4, according to Example 5. We furthermore construct D C R
with cardinality of D smaller than or equal to S , D71 and Yy C Y such that

v(DNYy)=0for DeD, w(| ) DnYy)=oc.
DeD

Choosing &; := {1p : D € D} we obtain

o0 = g(sup OEIYO) 7é sup g(OEIYO) =0.
ecéy ecéy

Let Y := *R x *R and denote by )\ the Lebesgue-measure on the Borel-o-algebra
B and by Z the counting measure on B. Then

w(B) = //\(Bx)Z(d:U) for BeBxB

defines a measure on B x B. Consider
R="{ U {z} x B: E C R finite and B € B bounded}.
reFE

Then v = *u|R is an internal content on a ring with values in *[0, 00[. Put D =

{ U {2z} x*[-n,n] : E CR finite, n € N}. Then D T and the cardinality of D C R
zelE

is smaller than or equal to S. Put

Yo :={(z,y) e Rx "R:y =~ x}.



3282 D. LANDERS AND L. ROGGE

Then DNY, C {(x,y) € E x*R:y =z} for some finite ECRand |y DNYy =
DeD
{(z,y) ERx*R:y~z} =Y.
Now it suffices to show:
(1) 7({(z,y):x~y € R}) =0for all z € R,
2) P(Yo) = .

—~

Ad (1): We have {(z,y): x ~y € "R} C {z} x*[x— %, 2+ L] for all n € N. Then
)

v({a} x[z—1/n,x+1/n]) = st*u({x} x*z— Lo+ 1) = p({z} x [z — 5,2+ 1]) =
% —n—oo 0. This proves (1).

Ad(2): Let B € R with Yy C B be given. We have to show
(3) °v(B) = oc.

For z € R we have m(z) := {y € *R: y = 2} C B,. As B, is internal, there exists
for each x € R — according to the permanence principle — n, € N with

1 1
(4) o — —, 2+ —] C B,.

Ny Ny
Hence there exists ng € N such that
Iy ={x € R: n, =ng} is uncountable.
Therefore according to (4)
(5) ) o} x "o — — 2+ —] C B.
no no
zely
Thus for each finite F C Iy we have
o o * 2
v(B) = > °v({x} x *[z = 1/no,z + 1/ng)) = |E| —.
zEE o

As this holds for each finite E C Iy, we obtain (3).

The following example shows that the results of Theorem 4 cannot be improved.
We consider a set function v as in Example 5.

20. Example. (i) Let Y := {1,2,3}. Put R := {0, {1,2},{3},Y}. Let h € *N\ N
and put

v(0) =0, v({1,2}) =v({3}) = h, v(Y) = 2h.
Then v : R — *[0, 00] is an internal content with

M(v) ={0,{3},{1,2}, Y} and M(v) = P(Y).
As My = {0} we have

v|M(v) is not a saturated measure;
M(y) G M(@).
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(i) Let Y # 0, R := {0} and v(0) = 0. Then v is an internal content where
v(A) =0 for each A C Y and 7(A) = oo for each ) # A C Y. Therefore M(v) =
M(T) =P(Y) and My = {0}. Hence

Mo g{A e M(v):v(A) e R}(=P(Y))

and therefore
L(iy) g{f € RY : f is i, | M(i,)-Lebesgue-integrable}.
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